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Abstract. We classify the space- like biharmonic surfaces in 3- 
dimension pseudo-Riemannian space form, and construct explicit 
examples of proper biharmonic hypersurfaces in general ADS space. 

1. Introduction 

As a natural generalization of harmonic map, the biharmonic map 
was introduced by Jiang who followed the idea of J.Eells and J.H.Sampson 
in |ES] . as the critical points of the bienergy 



E2{<P) = l [ \rm\ 



where : (M, g) {N, h) is a smooth map between two Riemannian 
manifolds and r(0) is its first tension field traceVdcl). 

The biharmonic map also can be characterized by the vanishing of 
the second tension field 

T2{(j)) = -A'^r((/)) - traceR^{d(j),T{(f)))dcl) = 

and the non-harmonic one is called proper biharmonic map. 

Jiang had studied the biharmonic map in many general aspects(see 
pn [J2]l While A.Balmus, S.Montaldo, C.Oniciuc, R.Caddeo and 
E.Loubeau focused on the biharmonic isometric immersion, i.e. the 
biharmonic submanifolds, and got some classification results(see |BB[ 
IBMUI [UMUl [MDj and their reference). 

Pseudo-Riemannian space, especially the constant curvature ones: 
de Sitter, Minkowski, anti de Sitter space with constant sectional cur- 
vature 1, 0, -1, play important roles in the general relativity. 

When the target manifold is pseudo-Riemannian manifold, the bi- 
engery and second tension field can be defined in the same way, so are 
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the biharmonic map and biharmonic submanifold. Ouyang( |Uuj ) and 
Sun([Suj) had study the space-hke biharmonic submanifolds in them. 
Remarkably, in [Ouj . she had proved that 

Theorem 1. M"* is a biharmonic space-like hypersurface in de Sit- 
ter space S^^^ or Minkowski space i?"^^ . // its mean curvatrue H is 
constant, then it must be maximal. 

Thus the biharmonic submanifolds space-like in nonnegative curva- 
ture space are more rigid. It is on the contrary to the Riemannian case, 
for the generalized Chen conjecture says that biharmonic submanifolds 
of a manifold N with Riem^ < are minimal. 

In this paper, we first construct examples of proper biharmonic hy- 
persurfaces in ADS space. 

Then we will classify the biharmonic space-like surfaces in 3-dimensional 
pseudo-Riemannian space form, namely 

Theorem 2. If M is a proper biharmonic space-like surface in Hf{l), 
then it is H'^{-^) natrual embedded in. 

and 

Theorem 3. If M is a complete biharmonic space-like surface in Sf 
or Rf, then it must be totally geodesic, i.e. S'^ or R? . 

In effect, above two theorems can be viewed as the dual of their 
Riemannian version. 



2. Preliminary 

2.1. The biharmonic equation. To study biharmonic submanifolds 
in space form, it is convenient to split the bitension field in its normal 
and tangent components. In fact, in Riemannian case, we have 

Theorem 4 ( |CMOj ). is a submanifold of E"-{c), where E"'{c) has 
constant sectional curvature c, then it is biharmonic if and only if 




-A^H - traceB{-,AH-) + mcH = 
2traceA^± ^(O + fgrad{\Hf) = 



where A denotes the Weingarten operator, B the second fundamental 
form, H the mean curvature vector field, V"*" and A"*" the connection 
and the Laplacian in the normal bundle of M in E^{c) 
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2.2. The pseudo-Riemannian geometry. Pseudo-Riemannian man- 
ifold is a manifold endowed with nondegenerated but indefinite met- 
ric. Unlike the Riemannian metric, smooth manifold may not carry 
pseudo-Riemannian metric with prescribed index, but if one carries 
pseudo-Riemannian metric, there exists unique compatible connection, 
the same with Riemannian geometry. 

We focus on the pseudo-Riemannian space form with index one. 
From now on, always denote E^~^^{c) the (m + l)-dimension constant 
curved pseudo-Riemannian space with index 1. 

Except is a minus one, the biharmonic equation in pseudo- 

Riemannian case coincides with Eq. ([T]) for the connection still com- 
patible with the indefinite metric. 

If M™" is a space-like hypersurface in E'^~^^{c), its biharmonic equa- 
tion can be simplified to( [Ouj ) 



(2) 



j-A^H - \B\^H + mcH = 
]^2traceA^±^H{-) + ^grad{\H\'^) = 



It should be pointed out that the length square of the second funda- 
mental form I Up and are both negative because H has minus 
length. 



3. Example of proper biharmonic space-like hypersurfaces 

in the ads space 

Some how, this section can be viewed as the dual case of construct- 
ing biharmonic hypersurface in 5", reader could refer to the author's 
another paper |Zhj . 

The pseudohyperbolic space of radius r(> 0) is the hyperquadric 

Hp~^^{r) = {x G -Rp+f ] < x,x >= Xi+- ■ ■+x^—x^_^_i — - ■ ■—x^_^_p_^_i = — r } 

this is a space of constant curvature — ^, with index p. Let H^{r) be 
the component of H^lr) through (0, . . . , 0, r). It is the usual hyperbolic 
space. 

3.1. First example: Hyperbolic space. Embedding H^~^^{1) in 
i?2^^ and fixing Xn+2 = s, \s\ < 1, we get a space-like submanifold 
-ff"(Vl — s^). The same with the hypersphere in the S"'^^, it has con- 
stant mean curvature and = n^i—^. By the biharmonic equation 
([2]), we know is a proper biharmonic space-like hypersurface in 

ADS space. 
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3.2. Second example: Clifford torus. Let u, v be points of H'^{r) 
and H'"'{s) respectively, where + = 1. Then x = {u,v) is a vector 
in ^j^j^ < x,x >= -1. 

This defines an isometric immersion of H"^{r)xH^{s) into 
i.e, H"^{r) x H^{s) is a space-like hypersurface of the anti de Sitter 
space. 

Obviously, it has constant mean curvature. The next thing we have 
to do is to manipulate the radius to make sure it satisfying the bihar- 
monic equation ([2]). 

Use the moving frame method, the second fundamental form of 
if"^(r) X J/"(s) is 

/ - \ 

r 



its length square is —{^m + ^n). Denote t = the biharmonic 
equation becomes a quadric equation about t. Solve it and exclude the 
maximal one, we have t = 1. 

When m ^ n, H"^{^) x H"'{^) is a proper biharmonic space-like 
hypersurface in ADS space. 



4. CLASSIFICATION OF BIHARMONIC SPACE-LIKE HYPERSURFACE IN 

3-DIMENSION Ef{c) 



Follow the idea of Chen and Ishikawa ([CI]) or Caddeo et.al.f fCMOj . 
denote 77 the unit vector of the normal bundle. It is a time-like vector 
field, i.e I77I = —1. Then the mean curvature can be written as H = frj, 
the biharmonic equation ([2]) becomes 



(3) 



|A/ = (|Ap + 2c)/ 
]^A{gradf) - fgradf = 



where the Laplacian is in Beltremi sense, minus of the trace Laplacian 
and |Ap is a positive norm. 

By the same way of proving theorem 4.5 in [CMOj . we can show that 
/ must be constant. For readers' convenience, we still write down the 
details. 
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Using the contradiction method, suppose that gradf do not vanishing 
in a neighborhood U, let Xi, X2 be a orthp normal frame, where Xi = 
ThenX2/ = 0, XJ=\gradf\. 
Then the second fundamental form S of M is given by 

(4) B{X,,X,) = -fr], B{X,,X2) = 0, BiX^, X^) = 3fr], 
Therefore, \A\^ = 10 f. 

Take the derivative of the second fundamental form (jlj), by the Co- 
dazzi equation, 

(5) X2/ = -4Mi(Xi); 3X1/ = -4M2(X2) 

Lead us to U2i{Xi) = 0, moreover, dui = 0. 

Thus Ui is locally exact. We can find function u, s.t. du = uji. At 
the same time, for df = {Xif)ui + {X2f)uj2 and X2/ = 0, d/ A = 0, 
i.e. / is a function only about u. Denoting / as /(m), the first and 
second derivative of / about u are denoted as /' and /". 

By the second equation of ([5]), there is: 

4/a;i2 = -3/'a;2 

Based on ([S]), the second covariant derivative and Laplace of / can 
be calculated, 

4/A/ = Af{-tT{HessU))) = 3(/')' - 4//" 
By the first equation of ([3]), 

(6) Sif'f - iff" = 40 f + 8c f 
Let y = (/')^, it becomes: 

A 

df 

Solve it, we have: 



2/^ -3y = -AOf - 8c f 



(7) if)' = ~8f - 8c f + Cf-^ 

At another hand, using Gauss equation, we get 

K = c- detA 

The minus sign before detA is because of the normal vector is time-like 
and having negative length. 

Combining the structure equation, there are 

K = c + 3/2 

duJi2 = —Kui A UJ2 
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Followed by 

1 fir 

(9) 4/r - 7{fr - 16f - = 
Comparing and ([9]), there is 

(10) ifr = -w~^-ff 

Combine ([7]) and ffTOl) . no matter what c is, / must be constant, 
contradict to our assumption. 

In the case of c = —1, we have {Al"^ = 2. Denoting — Ai,— A2 the 
eigenvalue of the Weingarten operator, then them must be constant. 
Using the Gauss and Codazzi equation, we could conclude that Ai = 
A2 = ±1 or Ai = — A2 = ±1. 

To see this, still denote {Xi, X2} the frame diagonalizing A, and Uij 
the connection form respectively, then 

(11) B{X,,Xi) = X,r], B{X,,X2) = 0, B{X2, X2) = X2V, 
Take the derivative B{X2,X2) in Xi and notice equation ([TT]) . 

= VxAB{X2,X2)) 
=VxAB{Xi,X2)) - B{Vx,X,,X2) - Vx.Xs) + 2B{Vx,X2,X2) 

= - LOi2{X2)X2'n - UJ2l{X2)Xl'r] 

case 1, U12 7^ 0, then Ai = A2 = ±1; 

case 2, uu = 0, the surface is flat. By the Gauss equation, there is 

-l = -(-Ai)A2 

then Ai = — A2 = ±1. 

As the fundamental theorem of surface can be easily generalized to 
constant curved space forms, the first one corresponding to hyperbolic 
space in our example and the second the Clifford torus. For the bihar- 
monic Clifford torus of dimension 2 must be maximal, the only proper 
biharmonic surface is the if^(^). Finish the proof of theorem [2J 

We could get more rigidity in the Nonnegative curved case. By the 
same method, we could show any biharmonic space-like hypersurface 
in 3-dimensional de Sitter or Minkowski space has constant mean cur- 
vature. According to Ouyang's results, it must be maximal. Finally, 
combining Ishihara (^, theorem 1.1) and Calabi's ( [Caj . or refer to 
|CY] . page 417, corolary) results respectively, it must be geodesic. The- 
orem [3] follows. 

This section is somehow an analog of classification of biharmonic 
surface in 3-dimensional Riemannian space form( [CMO] ). 
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